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Abstrat
We disuss matrix elements of the strangeness hanging vetor urrent
using their relation, due to analytiity, with πK sattering in the P -
wave. We take into aount experimental phase-shift measurements in
the elasti hannel as well as results, obtained by the LASS ollabora-
tion, on the details of inelasti sattering, whih show the dominane of
two quasi two-body hannels at medium energies. The assoiated form
fators are shown to be ompletely determined, up to one avour sym-
metry breaking parameter, imposing boundary onditions at t = 0 from
hiral and avour symmetries and at t → ∞ from QCD. We apply the
results to the τ → Kπντ and τ → Kππντ amplitudes and ompare the
former to reent high statistis results from B fatories.
PACS: 11.55Fv dispersion relations, 11.30Rd hiral symmetries,
11.30Hv avour symmetries, 13.35Dx deays of taus
1 Introdution
Deays of the τ to hadrons with strangeness S = −1 an be used to determine basi
parameters of the standard model suh as Vus and the mass of the strange quark (e.g. [1, 2℄
for reent updates). The onsiderable improvement in statistis brought in by Babar and
Belle should translate in the near future into muh more preise measurements of matrix
elements of urrents with S = −1 than possible at present. In this paper, we re-onsider
in some detail the relations between the Kπ matrix element of the strangeness-hanging
vetor urrent and Kπ sattering in the P -wave.
We will follow a method applied some time ago by Donoghue, Gasser and Leutwyler
(DGL [3℄) to the ππ matrix element of the S = 0 salar urrent (whih is not diretly
aessible to experiment sine the Higgs boson is not very light). For this method to
operate, it is neessary that inelasti sattering an be approximated in terms of a nite
number of two-body or quasi-two-body hannels in a suiently large energy range E <∼ E0.
Then, imposing a limited number of onstraints at E = 0 from hiral symmetry and at
E >> E0 from asymptoti QCD one an determine the form fator from the T -matrix.
In pratie, this is done by solving a set of oupled Muskhelishvili-Omnés (MO) integral
1
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equations whih are onsequenes of analytiity properties of the form fators and of time
reversal invariane.
Reently, this method was implemented in the ase of the Kπ salar form fator [4℄:
in this ase, inelastiity in the S-wave is saturated by the Kη and Kη′ hannels. One
motivation for our interest in the vetor form fator is the availability of good experimental
data from the LASS ollaboration on both elasti [5℄ and inelasti Kπ sattering [6, 7, 8℄
in the P -wave. In partiular, these works show that in an energy range E <∼ 2.5 GeV,
inelastiity is dominated by two quasi-two-body hannels: K∗π and Kρ. This makes it
possible to probe the DGL method by omparing its results with experimental data from
τ deays. The spetral funtion for τ → Kπντ an be desribed, of ourse, by a simple
Breit-Wigner ansatz in the viinity of the K∗(892) resonane, where sattering is nearly
perfetly elasti. Away from the resonane, however, this is no longer true. In the energy
region E << MK∗ the spetral funtion gets dominated by the salar omponent [9℄ (as
it is less suppressed by phase-spae than the vetor omponent). In the energy region
E >> MK∗ it is important to orretly treat inelasti eets. Another motivation for
this work is in view of appliations to three body non-leptoni B-deays B → Kππ. In
kinematial ongurations where the kaon and one pion are quasi aligned, fatorization
an presumably be justied [10℄ and the amplitude gets expressed in terms of Kπ vetor
and salar form fators[11℄
2
.
The plan of the paper is as follows. After introduing some notation for the form
fators involved we disuss the onstrution of the T -matrix from ts to the experimental
πK sattering data. Three-hannel unitarity is enfored using the K-matrix method, and
proper avour symmetry and low energy behaviour are enfored starting from a resonane
hiral Lagrangian. Next, we introdue the MO integral equations satised by the form
fators and disuss their resolution. This neessitates to make a plausible ansatz for the
T -matrix at high energies. The ansatz determines the number of onditions to be imposed
in order to determine the form fators from solving the integral equations. We will use
three onditions at E = 0 and one asymptoti ondition. Finally, the results are displayed
and ompared with reent experimental measurements.
2 Strangeness hanging vetor urrent form fators
The objet whih will mainly interest us is the Kπ matrix element of the strangeness
hanging vetor urrent
< K+(pK)|u¯γµs|π0(ppi) >=
fK
+pi0
+ (t) (pK + ppi)
µ + fK
+pi0
− (t) (pK − ppi)µ , (1)
with t = (pK − ppi)2 and we will denote the vetor form fator as
H1(t) ≡ f+(t) =
√
2fK
+pi0
+ (t) . (2)
2
In the ontext of B deays, the usefulness of appealing to desriptions more sophistiated than Breit-
Wigner ombinations for salar form fators was pointed out in ref. [12℄.
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As we will disuss below Kπ inelasti sattering in the P -wave is dominated by two quasi
two-body hannels: K∗π and ρK. This leads us to introdue the assoiated vetor urrent
matrix elements
〈K∗+(pV , λ)|u¯γµs|π0(ppi)〉 = ǫµναβ e∗ν(λ)pαV pβpiH2(t)
〈ρ0(pV , λ)|u¯γµs|K−(pK)〉 = −ǫµναβ e∗ν(λ)pαV pβK H3(t)
(3)
(we have hosen dierent signs in the denition of H2 and H3 suh that only plus signs
appear in subsequent equations). In the following, isospin symmetry breaking will be
negleted. From the isospin deomposition of K+π0 it follows that
〈K+π0|u¯γµs|0〉 =
√
1
3
〈[Kπ] 1
2
|u¯γµs|0〉 (4)
and analogous relations hold for K∗π, Kρ. In order to derive the unitarity equations
satised by the form fators H1, H2 and H3 it is onvenient to fous on one of the spatial
omponents of the vetor urrent, say µ = 3, and go to enter-of-mass (CMS) frame of the
meson pair. In this frame, the urrent matrix elements introdued above an be expressed
as follows
〈[Kπ] 1
2
|u¯γ3s|0〉 =
√
6 cos θ0 qKpi(t)H1(t) (5)
where qKpi is the modulus of the CMS momentum of the meson pair and θ0 is the polar
angle of the momentum vetor with respet to a xed frame. Similarly, the matrix elements
whih involve one vetor meson read
〈[K∗(λ)π] 1
2
|u¯γ3s|0〉 = iη∗
√
3
2
sin θ0
√
t qK∗pi(t)H2(t)
〈[ρ(λ)K] 1
2
|u¯γ3s|0〉 = iη∗
√
3
2
sin θ0
√
t qρK(t)H3(t) . (6)
Here, η is an arbitrary phase whih an be introdued in the denition of the vetor meson
polarization vetor
~e∗(λ = ±1) = η
∗
√
2

 −λ cos θ0 cosφ0 − i sin φ0−λ cos θ0 sinφ0 + i cos φ0
λ sin θ0

 (7)
(θ0, φ0 being the polar angles of the vetor meson momentum). In the following, we will
set iη∗ = 1. We have also taken the following onvention for the Levi-Civitta tensor
ǫ0123 = 1 . (8)
The expliit dependene on θ0 displayed above in eqs. (5) (6) indiates that these matrix
elements onern the angular momentum state J = 1 of the meson pair.
3
3 Kpi sattering in P -wave with n-hannel unitarity
3.1 Experimental situation
Detailed partial-wave analysis of Kπ → Kπ sattering (in the energy range E <∼ 2.5 GeV)
have been performed based on high statistis prodution experiments Kp → KπN in
refs. [13, 5℄. The LASS ollaboration has also performed prodution experiments K−p→
K 2πN and K−p→ K 3πN [6, 7, 8℄ whih provide informations on inelasti Kπ sattering.
These, however, are not as preise as for elasti sattering and mainly onern resonane
properties in the various partial-waves. In the S-wave, Kπ sattering is elasti to a good
approximation up to the Kη′ threshold[13, 5℄, indiating that Kη′ is the main inelasti
hannel. Inelastiity in the P -wave starts at somewhat smaller energy than in the S-
wave and the results of refs. [6, 7℄ suggest that K∗π is the main inelasti hannel, as it is
enhaned by two resonanes K∗(1410) and K∗(1680) (following the nomenlature of the
PDG [14℄ ). The latter resonane was observed to ouple essentially to three hannels:
Kπ, K∗π as well as Kρ [14℄. This indiates that Kρ should be also taken into aount as a
signiant inelasti hannel in the P -wave although its oupling to K∗(1410) was found to
be small. The experimental results on the branhing ratios of the K∗(1410) and K∗(1680)
are olleted in table 1.
The amplitude Kπ → Kη was studied in ref.[8℄ and found to be very small in the P -
wave and not to display any resonant eet. The oupling ofKη′ to resonanes with JPC =
1−− is proportional to the sine of the mixing angle and thus should also be suppressed.
These results suggest that a plausible desription of Kπ sattering in the P -wave with n-
hannel unitarity an be performed (up to energies E <∼ 2.5 GeV) by retaining as inelasti
hannels the two quasi two-body hannels with one vetor meson: K∗π and Kρ.
Kπ K∗π Kρ
K∗(1410) 6.6± 1 > 40 < 7
K∗(1680) 38.7 ± 2.5 29.9+2.2−4.7 31.4+4.7−2.1
Table 1: Experimental deay branhing ratios (in perent units) for the resonanes
K∗(1410) and K∗(1680) quoted in the PDG.
3.2 Lagrangian for vetor resonanes and pseudo-salar mesons
It is useful to express the resonane ontribution to sattering in terms of oupling onstants
whih are known in other ontexts and it is also useful to impose hiral onstraints at low
energy. For this reason, let us start from the following Lagrangian whih was used in the
ontext of the hiral expansion[15, 16℄. It inludes the nonet of the light vetor mesons
enoded in a matrix Vµ and the light pseudosalars enoded in a hiral matrix uµ and
involves two oupling onstants gV and σV ,
L(1) = L(1)K + L(1)V + L(1)σ (9)
4
with
L(1)K =
−1
4
tr (VµνV
µν − 2M2V VµV µ),
L(1)V =
−i
2
gV tr (Vµν [uµ, uν ])
L(1)σ =
1
2
σV ǫ
µνρσtr (Vµ{uν , Vρσ}) (10)
and Vµν = ∇µVν −∇νVµ. In ref.[16℄, for example, the following values are quoted for the
oupling onstants (based on the extended NJL model)
gV ≃ 0.083, σV ≃ 0.25 (11)
whih should serve as a guide as to the orders of magnitudes. Let us denote an exited
vetor resonane by V
(n)
µ , we an write down the following oupling terms
L(n)V =
−i
2
gV (n) tr (V
(n)
µν [uµ, uν ])
L(n)σ =
1
2
σV (n) ǫ
µνρσtr (V (n)µ {uν , Vρσ}) . (12)
These terms do not involve the quark mass matrix and, therefore, have exat SU(3) avour
symmetry. Experimental results on K∗ resonanes indiate that avour symmetry an
sometimes be substantially broken, as in the ase of the K∗(1410) (see table 1). We do
not try to write down all possible Lagrangian terms whih break avour symmetry but
eventually will implement suh eets at the level of the ts. We also do not onsider
expliitly the possibility of many more terms whih involve further derivatives ating on
the vetor or on the hiral elds. Again, suh terms whih give rise to polynomial energy
dependene, may be implemented phenomenologially as bakground ontributions in
the ts.
3.3 Resonane ontributions to Kpi sattering
Let us reall the onstraints introdued by the onservation of parity. The Kπ system, at
rst, in the P -wave has parity −1. The ation of the parity operator on a state formed
from a vetor meson and a pseudo-salar meson involves the heliity[17℄,
P|V (λ)P >J= (−)J−1|V (−λ)P >J . (13)
For J = 1, the following ombination is the only one whih has negative parity
ψ− =
1√
2
(|V (1)P >J=1 −|V (−1)P >J=1) . (14)
We will need the partial-wave expansion of the sattering amplitudes in a situation where
the initial state CMS momentum has polar angles θ0, φ0 and the nal state has polar
5
angles θ, φ [17℄
〈V (λ)P |T |Kπ〉 = 16π
∑
J,M
(2J + 1) (qV P qKpi)
J ×
〈V (λ)P |T J |Kπ〉D∗JM,λ(φ, θ)DJM,0(φ0, θ0)
〈V (λ)P |T |V ′(λ′)P 〉 = 16π
∑
J,M
(2J + 1) (qV P qV ′P )
J ×
〈V (λ)P |T J |V ′(λ′)P 〉D∗JM,λ(φ, θ)DJM,λ′(φ0, θ0) .
(15)
We have fatored out expliitly the angular momentum barrier fators in the denition of
the partial-wave T -matrix elements: this is neessary for non-diagonal matrix elements in
order to ensure good analytial behaviour for the partial-wave T -matrix [18℄. For simpliity,
we also dene the diagonal elements in the same manner e.g.
〈Kπ|T |Kπ〉 = 16π
∑
J,M
(2J + 1) (qKpi)
2J ×
〈Kπ|T J |Kπ〉D∗JM,0(φ, θ)DJM,0(φ0, θ0) . (16)
Let us number the three relevant hannels in our onstrution as
1 −→ Kπ, 2 −→ K∗π, 3 −→ Kρ, (17)
Using the Lagrangian introdued above (10), (12) it is not diult to ompute the res-
onane ontributions to the various T -matrix elements. The resulting amplitude an be
written in a ompat form whih displays the usual resonane struture ,
T 1ij,r =
∑
n
gr(n, i)gr(n, j)
M2n − s
(18)
with
gr(n, 1) =
gV (n)√
16π
(√
s
Fpi
)2
gr(n, 2) =
σV (n)√
16π
√
2s
Fpi
(1 + δn1)
gr(n, 3) =
−σV (n)√
16π
√
2s
Fpi
. (19)
The relations between hannel 2 and hannel 3 matrix elements are onsequenes of exat
avour symmetry as implemented in the Lagrangians (10), (12). The energy dependene
of these eetive oupling onstants is reliable only for small values of s ( s << M2K∗ )
where hiral symmetry onstraints (as enoded in the onstrution of the Lagrangian) are
relevant. In pratie, we will implement a simple uto funtion by replaing
√
s −→
√
s
(
1 + bn
√
s
Mn
)
1 + bn
s
M2n
(20)
in eqs. (19). This uto funtion has the orret behaviour at small s and eetively
replaes
√
s by the resonane mass Mn otherwise.
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3.4 K-matrix ts to the experimental data
We may implement n-hannel unitarity in a simple way, using the K-matrix method
(e.g. [19℄). Starting from a real, symmetri K-matrix we dene the J = 1 T -matrix in
the following way (suppressing the J supersript),
T = (1 + iKΣQ2)−1K (21)
where Q2 and Σ are diagonal matries
(Q2)ij = δijq
2
i , Σij = δij
2qi√
s
(22)
qi being the CMS momentum in hannel i. Indeed, it not diult to verify that the
S-matrix , whih is dened as follows,
S = 1 + 2i
√
ΣQT Q
√
Σ (23)
is unitary
SS† = 1 (24)
and enodes the proper J = 1 angular momentum barrier fators.
3.4.1 A rst simple t
The most detailed experimental results onern theKπ elasti hannel. We used the results
of ref. [5℄ on the amplitudes K−π+ → K−π+ in the energy range E ≤ 2.5 GeV and those
of ref. [13℄ on the isospin 3/2 amplitude. Let us rst perform a simple t inluding just
three resonanes in the K-matrix, i.e., we set Kij = T
1
ij,r using the formulas (18) (19). We
nd a qualitatively aeptable result (see gs. 1 ) with the following resonane parameters,
Mn gV (n) σV (n)
0.894 0.0714 0.0989
1.719 0.0103 −0.1857
2.247 0.0126 −0.3069
(25)
(masses are in GeV and the oupling onstants are dimensionless). In this t we have taken
bn =∞ (see (20)) i.e.
√
s is replaed by Mn. This t does nd a resonane orresponding
to K∗(1680) in addition to the K∗(892) but prefers to loate the third resonane at a
higher energy rather than at 1.4 GeV. Obviously, though, the energy region between 1 and
1.5 GeV is where the data is not very well desribed (the overall χ2/dof = 7.4).
3.4.2 More sophistiated ts
Inluding just one more resonane does not improve the situation very muh. In order
to obtain signiantly better ts we will inlude a fourth resonane in addition to non-
resonant bakground terms. There are many physial soures for suh terms. We have seen,
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Figure 1: K-matrix t to the Kπ → Kπ data of ref.[5℄ with three resonanes. aP is the
modulus of the K−π+ → K−π+ amplitude and ΦP is the phase.
for instane, that the oupling onstants may arry energy dependene. In addition, we
expet ontributions assoiated with the left-hand ut, i.e. arising from meson exhanges
in the rossed hannels. We parametrize suh ontributions in the following, simplisti,
way
Kback11 =
a1s
1 + s3
Kback12 =
s(a2 + a3s)
1 + s3
Kback13 =
a4s
1 + s3
. (26)
For the other K-matrix elements we do not introdue any bakground dependene. We
have tried many possibilities but, learly, the amount of experimental data is insuient
for probing in detail all the matrix elements of the K matrix, so one must make admittedly
arbitrary simplifying assumptions. We found that setting non-zero bakground terms for
8
K11 K12, K13 is the most eonomi way (in terms of number of parameters) to ahieve a
good t. In addition to the elasti Kπ data, we try to reprodue the onstraints on the
inelasti hannels in the resonane regions (see table 1). These data imply strong avour
symmetry violation in the region of the K∗(1410) resonane. We aount for this fat by
relaxing the symmetry relation gr(n, 3) = −gr(n, 2) (see eqs. (19)) for n = 2. Instead of
this relation, we suppress the oupling to hannel 3 (i.e. Kρ ) by simply setting
gr(n, 3) = 0 (27)
when n = 2.
Altogether, this t ontains 16 parameters and allows for a rather satisfatory t to
the Aston et al. data, whih has a χ2/dof ≃ 1.8. We note that the fourth resonane
present in this t eetively ats essentially as an additional soure of bakground at lower
energies: it should not neessarily be interpreted as a true physial resonane (in fat
no orresponding resonane is listed in the PDG). The numerial results for the best t
parameters are olleted in table 2.
n Mn gV (n) σV (n) an
1 0.8962 0.72820 10−1 0.26080 3.3906
2 1.3789 0.52523 10−2 −0.56075 18.373
3 1.7300 0.69365 10−2 −0.21774 −9.2048
4 2.2739 0.12044 10−2 −0.29360 2.8318
Table 2: Results for the t parameters onerning the four resonanes and the bakground
as desribed in se. 3.4.2
One observes that the values of gV (1) and σV (1) are in reasonable agreement with the
ENJL preditions from ref. [16℄. Fig. 2 shows the omparison of the t results with the
experimental data. The improvement with respet to the result of the simpler t shown in
g. 1 is obvious, partiularly in the energy region [1,1.4℄ GeV. Moreover this t is able to
reprodue, qualitatively at least, the experimental results onerning the inelasti hannels
realled in table 1. This is illustrated in g. 3 whih shows the moduli of the transition
S-matrix elements and, for the elasti hannel 1− S11 (the ross-setions are proportional
to the squares of these quantities). Indeed, the gure shows that in the energy region
orresponding to the K∗(1410) the matrix element S12 shows a lear resonane peak while
S13 shows no peak. In the energy region of the K
∗(1680) resonane these two matrix
elements display peaks of the same height (this was imposed as a onstraint in the t) and
the peak in the elasti hannel is slightly higher.
In the very small s region nally, our T -matrix is expeted to be qualitatively reasonable
but ertainly not very aurate beause of the lak of onstraints from experimental data
in the threshold region. The πK sattering length, for instane, is found to be
a
1/2
1 = 0.025 (28)
whih has the orret order of magnitude but is slightly larger than the result from ChPT
(at order p6)[20℄: a
1/2
1 = 0.018.
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Figure 2: K-matrix t to the Kπ → Kπ data of ref.[5℄ with four resonanes plus bak-
ground, as desribed in se. 3.4.2
4 The Kpi vetor form fator from n-hannel MO equations
4.1 Unitarity equations
The Muskhelishvili-Omnès equations derive from the fat that, rstly, eah of the form
fators H1(t), H2(t) and H3(t) satisfy an unsubtrated dispersion relation beause they
are analyti funtions in the variable t exept for a right-hand ut 3 [21℄ and they derease
for t → ∞ faster than 1/t. Seondly, one an express the imaginary parts of the form
fators in terms of T -matrix elements using time-reversal invariane. Let us briey repeat
the derivation in the ase of a salar operator O whih is T -invariant
T OT −1 = O . (29)
3
In reality, the form fators H2, H3 ould display anomalous thresholds sine they involve an unstable
partile. We ignore this possibility in our analysis.
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 S-matrix
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We onsider the imaginary part of the matrix element between the vauum and a state
|m > whih we take to be an out state
2i Im <
out
m|O|0 >=<
out
m|O|0 > − <
out
m|O|0 >∗ (30)
Using the fat that T is antiunitary and transforms an out sate into an in state, it is
not diult to transform the seond term on the right-hand side in (30) and reover the
usual unitarity expression for the imaginary part
Im <
out
m|O|0 >= 1
2
∑
n
T ∗mn <out n|O|0 > . (31)
In reality, we will use operators whih arry spae-time indies and thus are not T -invariant.
It is however easy to see that the T variation of the operator is ompensated by the T -
variation of the momenta pi in the state |m > suh that eq. (31) remains valid for the
form fators. For a given energy of the state |m >out a nite number of states |n >out
ontribute to the sum in the right-hand side (Watson's theorem [22℄ follows if the energy
is lower than the rst inelasti threshold). If we trunate the summation in eq. (31) and
insert the imaginary parts into the dispersion relations we obtain a losed set of MO integral
equations for the form fators.
4.2 Appliation to Kpi, K∗pi, ρK vetor form fators
We start from the general expression (31), apply it to the operator u¯γ3s and retain three
states in the sum: Kπ, K∗π, ρK. We then use the formulas (5) (6) and the partial-
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wave expansions (15) of the T -matrix elements and ompute the phase-spae integrals.
As expeted, only the J = 1 partial-wave ontributes and, after a small alulation the
unitarity equations for H1(t), H2(t) and H3(t) are obtained. They an be written as
follows, in matrix form
Im

 H1H2
H3

 = τ−1T ∗Q2Σ τ

 H1H2
H3

 (32)
where T is the 3x3 J = 1 T -matrix, the diagonal matries Q2 and Σ are dened in eq. (22)
and τ is also a diagonal matrix
τ = diag (1,
√
t,
√
t) . (33)
The MO integral equation set then derives by ombining eqs. (32) with the unsubtrated
dispersion relations satised by the form fators
 H1(t)H2(t)
H3(t)

 = 1
π
∫ ∞
(mK+mpi)2
dt′
t′ − t Im

 H1(t
′)
H2(t
′)
H3(t
′)

 (34)
We reall here that the following matrix plays a role when disussing existene and multi-
pliity of the solutions to the MO equations[23, 24℄
S˜ = 1 + 2iτ−1TQ2Στ (35)
This matrix diers from the S-matrix , as dened in eq. (23), but the determinants of the
two matries are equal
det S˜ = detS . (36)
4.3 Asymptoti onditions on the T -matrix
The MO equations obeyed by the form fators are oupled, homogeneous singular integral
equations with a kernel linear in the T -matrix. The mathematial properties of suh equa-
tions are exposed in Muskhelishvili's book[23℄. In partiular, the number of independent
solutions N is given by the index of the integral operator whih an be expressed in terms
of the sum of the eigenphases δi(t) of the S-matrix. For an n× n S-matrix,
n∑
1
[δj(∞)− δj(0)] = Nπ . (37)
In order to determine the form fators from the integral equations one must therefore
impose N independent onditions. In our ase one has n = 3 and the S-matrix has been
onstrained from experimental input up to E0 ≃ 2.5 GeV. We make a key assumption here
that E0 is suiently large that the asymptoti regime for the T -matrix sets up for values
of E not muh larger than E0. At E = E0 the sum of the eigenphases is
∑
δi(E0) ≃ 3.5π.
We therefore expet the index N to be either 3 or 4. We hoose to adopt an asymptoti
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ondition whih has an index N = 4. This will enable us to impose four onditions on the
form fator. Three of these use the values at the origin of the form fators, Hi(0). We
will disuss below how these values are onstrained by experiment. As a fourth ondition,
we an enfore the behaviour of f+(t) at innity. In QCD, ignoring avour symmetry
breaking, one should have[25, 26℄
f+(−Q2)
∣∣∣
Q2→∞
∼ 16π
√
2αs(Q
2)F 2pi
Q2
(38)
We do not attempt to reprodue the logarithmi running of αs, and atually use eq.(38)
with a onstant value α¯s = 0.2. The ondition (38) is then easily implemented in the form
of a sum rule
1
π
∫ ∞
(mK+mpi)2
dt′ImH1(t′) = 16π
√
2α¯s F
2
pi . (39)
In the region t ≥ t0 one must use a parametrization whih respets the unitarity of the
S-matrix . For this purpose, we write the S-matrix in exponential form,
S = exp(2iH) (40)
where H is a real, symmetri matrix. We then dene the interpolation on the matrix H
suh that
lim
t→∞H12(t), H13(t), H23(t) = 0,
lim
t→∞H11(t) +H22(t) +H33(t) = 4π , (41)
using the simple interpolating funtion
Hij(t) =
(
t0
t
)γ (
αij + βij
(
t0
t
)γ )
+
Hij(∞)
(
1−
(
t0
t
)γ )2
. (42)
The parameters αij and βij are determined suh as to ensure ontinuity of Hij(t) and its
rst derivative at t = t0. Consistent with the assumption made above on the setting of
the asymptoti regime, the parameter γ must be larger than one: in pratie, we will take
γ = 2. The ondition on the trae of H still leaves some freedom as to the behaviour
of eah diagonal element. We will onsider a plausible senario in whih the asymptoti
eigenphases satisfy
δ1(∞) = 2π, δ2(∞) = δ3(∞) = π (43)
where δ1 is the largest eigenphase at t = t0. The three eigenphases are shown in g. 4.
4.4 Conditions at t = 0
In this setion we disuss the experimental onstraints on the form fator omponents at
t = 0. The omponent H1(0) = f+(0), rstly, is well known from ChPT to very lose to 1,
the result at O(p4) was omputed in ref. [27℄,
f+(0) = 0.977 (ChPT O(p
4)) . (44)
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 interpola-
tion region. The asymptoti ondition here is
∑
δi(∞) = 4π.
We note that ChPT omputations at order p6 have been performed[28℄ but the p6 oupling
onstants involved are not yet well known. The remaining two form fator omponents
involve vetor mesons. We will argue that their values at t = 0 an still be evaluated
reasonably well by appealing, in addition to hiral expansion arguments, to a leading large
Nc approximation. In the hiral limit, avour symmetry is exat, and the following relation
holds between a harged urrent matrix element and an eletromagneti urrent one,
〈K∗+|u¯ γµ s|π0〉 = 3
√
2
2
〈ρ+|jµEM |π+〉 . (45)
This relation implies that one an relate H2(0) and H3(0) to the radiative width of the
harged ρ meson,
|H2(0)| = |H3(0)| =
(
27
2
Γρ+→γpi+
αp3γpi
) 1
2
. (46)
Using the experimental value [14℄ of the radiative deay width
Γρ+→γpi+ = 68± 7 keV (47)
gives
|H2(0)| = |H3(0)| = 1.54± 0.08 GeV−1 . (48)
This method does not x the sign of H2(0). For this purpose, we an appeal to a simple
vetor-dominane piture applied, e.g., to the vertex funtion 〈γ|u¯γµd|π−〉. In suh a
piture H2(0) gets related to the ABJ anomaly[29℄,
H2(0) = −H3(0) = Nc
8π2
1√
2fV Fpi
≃ 1.50 GeV−1 . (49)
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We observe that the absolute value of H2(0) in the VMD model is in rather good agreement
with the one dedued from experiment.
We an try to rene these estimates by taking into aount the breaking of avour
symmetry to rst order in the quark masses. For this purpose, let us write down an
eetive Lagrangian,
L = ǫµναβ
{
hV tr (V
µ{uν , fαβ+ })
+
a
M2V
tr ([V µ, uν ][χ+, fαβ+ ])
+
b
M2V
tr ({V µ, uν}{χ+, fαβ+ })
+
c
M2V
tr ([V µ, χ+][uν , fαβ+ ])
}
. (50)
We have used the same notation as in ref. [16℄ for the rst term in this Lagrangian. Flavour
symmetry breaking eets an be enoded into three independent Lagrangian terms: this
holds in the leading large Nc approximation (sine multiple trae terms are suppressed).
We an then onstrain the oupling onstants hV , a, b and c by onsidering the radiative
deays ρ+ → π+γ, K∗+ → K+γ, and K∗ 0 → K0γ. The orresponding amplitudes,
omputed from the Lagrangian (50), have the expressions
A(ρ+ → π+γ) = 4
√
2
3Fpi
heffV , h
eff
V = hV +
4m2pi
M2V
b (51)
and
A(K∗+ → K+γ) = 4
√
2
3FK
heffV −
16
√
2
3Fpi
m2K −m2pi
M2V
(2b− 3c)
A(K∗ 0 → K0γ) = −8
√
2
3FK
heffV −
32
√
2
3Fpi
m2K −m2pi
M2V
b . (52)
The following experimental results are available [14℄ for the K∗ mesons radiative deays,
Γ(K∗+ → K+γ) = 116± 12 keV,
Γ(K∗ 0 → K0γ) = 50 ± 5 keV , (53)
whih, together with the result (47) allows one to determine three oupling-onstants,
heffV = 0.0356 ± 0.0018,
b = 0.0010 ± 0.0015,
c = 0.0032 ± 0.0013 . (54)
Let us now ompute our form fator omponents from the Lagrangian (50), obtaining
H2(0) =
4
Fpi
heffV −
16
Fpi
m2K −m2pi
M2V
(a− b+ c)
H3(0) = − 4
FK
heffV −
16
Fpi
m2K −m2pi
M2V
(a+ b) . (55)
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These expressions show that H2(0) andH3(0) depend on the symmetry breaking parameter
a whih is left undetermined by the analysis of radiative vetor meson deays. Numerially,
using the values (54) we nd
H2(0) = 1.41± 0.09 − 65.4 a GeV−1,
H3(0) = −1.34± 0.07 − 65.4 a GeV−1 . (56)
We expet the parameter a to have the same order of magnitude as the other two symmetry
breaking parameters, i.e. |a| < 10−2.
5 Solutions and omparisons with experimental results
5.1 Solving the MO equations
The integral equations (32) (34) an be solved numerially by disretizing the integrals.
This must be done in a way whih guarantees a preise evaluation of the prinipal-value
integrals. For this purpose, we use expansions over Legendre polynomials and exat ex-
pressions for the prinipal-value integrals of these. More details an be found in ref. [24℄.
One then arrives at a set of M ×M homogeneous linear ordinary equations. The Muskhe-
lishvili onditions on the number of solutions imply that the determinant of the system
must vanish (if it does not, then the only solution would be the trivial identially vanishing
one) and the assoiated matrix must have N (with N = 4 in our ase) zero eigenvalues.
In pratie, beause of disretization and roundo errors no eigenvalue vanishes exatly,
but one does have N eigenvalues whih are very small in magnitude. A numerially stable
way to proeed is to enlarge the system to an (M +N)×M one by adding N onstraints
on the form fators as equations and then solve the new system using the singular value
deomposition method. We obtained preise results with M >∼ 100 and we used values of
M up to 400. Several orretness and auray tests an be performed. In partiular, while
exat solutions are not known for general T -matries, the value of the determinant of the
matrix formed from N independent solutions an be expressed in analytial form[23, 24℄
in terms of S-matrix elements.
5.2 Results for τ deays
The vetor form fator f+(t) an be probed using the τ deay mode τ → Kπντ . The
energy distribution of the Kπ pair has the following expression whih involves f+(t) as
well as the salar form fator f0(t)
dΓKpi(t)
d
√
t
=
V 2usG
2
Fm
3
τ
128π3
qKpi(t)
(
1− t
m2τ
)2
× (57)[(
1 +
2t
m2τ
)
4q2Kpi(t)
t
|f+(t)|2 +3(m
2
K −m2pi)2
t2
|f0(t)|2
]
,
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where the denition of f0, in terms of the form fators introdued in eq. (1) is
f0(t) =
√
2
[
fK
+pi0
+ (t) +
t
m2K −m2pi
fK
+pi0
− (t)
]
. (58)
The ontribution of f0 is kinematially suppressed exept for very small values of t. Let us
begin by xing the symmetry breaking parameter a from the integrated width. Assuming
exat isospin symmetry one has
ΓKpi = 3ΓK−pi0 =
3
2
ΓK0pi− . (59)
The following value for the rate is quoted by the PDG[14℄
RPDGKpi = (13.5 ± 0.05) 10−3 . (60)
The most reent results from the Babar and Belle ollaborations[30, 31℄tend, however, to
point towards a slightly smaller value
RBabarKpi = (12.48 ± 0.009 ± 0.054) 10−3,
RBelleKpi = (12.12 ± 0.006 ± 0.039) 10−3 (61)
(assuming isospin symmetry). These results an be reprodued with our vetor form fator
4
by having the parameter a in the range
a = (−7.0+0.7−2.0) 10−3 . (62)
The entral value orresponds to the PDG result and the value a = −9.0 10−3 reprodues
Belle's entral gure for the rate. The energy distribution in the deay τ → Kπντ has been
measured for the rst time by the Aleph ollaboration[33℄. The Belle ollaboration has
reently measured the distribution in energy for the deay τ− → K0Sπ−ντ with onsiderably
higher statistis [31℄ (approximately a thousand times larger). The Babar ollaboration
has also presented results for the energy distribution for τ− → K−π0ντ [30℄ but the data
orreted for bakground are not publily available. Data from Babar on τ− → K0Sπ−ντ
have been analyzed in a thesis [34℄ but the results have not yet been published.
The result from our onstrution is ompared with the result of Belle
5
in g. 5 for
two values of a. In addition to the (dominant) ontribution from the vetor form fator,
we have also inluded the ontribution from the salar form fator whih we omputed
following ref. [4℄. The parameter a aets the size of the K∗(892) peak (whih ontrols
essentially the value of the integrated deay rate) and also the shape of the form fator in
the inelasti region. We nd that it is possible to reprodue both the integrated deay rate
and the shape of the energy distribution above the K∗ mass reasonably well. The solutions
in the region
√
t >∼ 1.4 GeV are sensitive to the assumptions made on the S-matrix in the
4
In appliations to τ deays we use for Vus the value suh that Vusf+(0) = 0.2167 quoted by the
averaging group [32℄.
5
The data shown have been orreted for bakground but not for aeptane, whih we have assumed
to be approximately energy independent.
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Figure 5: Results for the energy dependene of the τ deay rate τ → Kπντ using the vetor
form fator as disussed in the text for two values of the symmetry breaking parameter a
ompared with the result from Belle [31℄. The ontribution from the salar form fator f0
is shown as a dash-dot urve.
asymptoti domain. For instane, if we hoose an asymptoti ondition with N = 3 rather
than N = 4 we annot get agreement with experiment when
√
t >∼ 1.4 GeV by varying a.
It is instrutive to ompare also our result for the vetor form fator with that obtained
by Belle from a t to their data. This omparison avoids the problem of the aeptane
(whih is taken into aount in their t) but one must keep in mind that there is some
model dependene in this determination (a model independent separation of the vetor
and salar form fators requires to analyze angular distributions). In ref. [31℄ ve dierent
ts, using desriptions of the form fators f+, f0 à la Kühn and Santamaria [35℄, have
been performed. In g. 6 we ompare our result for the modulus of the vetor form fator
with the experimental determination based on the t whih inludes two vetor resonanes:
K∗(892), K∗(1410) for the vetor form fator and one salar resonane: K∗0 (800) for the
salar form fator. For larity, we have presented our model's result as one urve orre-
sponding to the best t to the LASS data but, obviously, one should keep in mind the
unertainties of these data, whih are sometimes sizable, e.g., in the 1.3 GeV region (see
g. 2 ).
This omparison deserves a omment. In the K∗(892) region one expets to observe
some isospin symmetry breaking eets sine the Kπ system in τ → Kπντ is in a harged
state while the experimental data from LASS onern Kπ in a neutral state. Fig. 6
shows a visible dierene onerning the width whih is narrower for the K∗+ than for the
K∗0. Somewhat surprisingly, no dierene is seen onerning the mass. In fat, the mass
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Figure 6: The yellow band represents the modulus of the vetor form fator determined
from a four parameter t in ref. [31℄. It is ompared with our determination for two values
of the symmetry breaking parameter a.
resulting from Belle's t: MK∗+ = 895.47± 0.20± 0.44± 0.59 diers by about 4 MeV from
the mass quoted in the PDG:MK∗+ = 891.66±0.26 whih is based on hadroni prodution
experiments. This shift in the K∗+ mass was reported earlier by CLEO [36℄ but remains
to be onrmed. It ould be a similar eet to the one observed for the ρ meson mass.
The model also generates preditions for τ deays into K∗π and Kρ via vetor urrent.
The energy distribution of the deay width for K∗π reads, in terms of the form fator H2
dΓK∗pi
d
√
s
= (63)
V 2usG
2
Fm
3
τ
32π3
(qK∗pi)
3
(
1− t
m2τ
)2 (
1 +
2t
m2τ
)
|H2(t)|2
and an exatly similar expression holds for Kρ in terms of H3. The results from our
onstrution are plotted in g. 7. The gure shows that the K∗(1410) appears very learly
in the K∗π hannel. The τ deay into Kρ (via vetor urrent) is omparatively strongly
suppressed. These features reet the onstraints whih we have used in the onstrution
of the T -matrix based on the LASS experiments. The results for the integrated rates are
R(τ → K∗πντ )V = (1.37 ± 0.02) 10−3
R(τ → Kρντ )V = (4.5 ± 3.0) 10−5 (64)
where the errors are estimated by simply varying the parameter a. Our result for R(τ →
19
K∗πντ )V is seen to agree with the one quoted by the Aleph ollaboration [33℄,
RAleph(τ → K∗(1410)ντ → Kππντ ) =
(1.4+1.3 +0.0−0.9 −0.4)× 10−3 . (65)
whih, however, is not very preise.
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Figure 7: Results for the energy distribution of the τ deay width into K∗π and Kρ
(resaled by a fator of 10) via vetor urrent from our model, for two values of the
symmetry breaking parameter a.
5.3 Some results at t = 0
For values of t near t = 0, experimental results on f+(t) an be obtained from Kl3 deays
and several new experiments have been performed reently. One usually denes the slope
and urvature parameters from the Taylor expansion
f+(t) = f+(0)
(
1 + λ′
t
m2pi+
+
1
2
λ′′
t2
m4pi+
+ ...
)
. (66)
The results whih we get for λ′ and λ′′ are
λ′ =
(
26.05+0.21−0.58
)
10−3, λ′′ =
(
1.29+0.01−0.04
)
10−3 (67)
where the errors, again, simply reet the range of variation of the parameter a (the
lower values orrespond to a = −9 10−3). They ompare reasonably well with the average
(performed in ref. [32℄) over the reent experiments
λ′exp = (24.8 ± 1.1) 10−3, λ′′exp = (1.61 ± 0.45) 10−3 . (68)
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The results (67) an also be ompared with the preditions reently presented in ref. [9℄
6
,
λ′ = 26.2 10−3, λ′′ = 1.37 10−3 ( ref. [9℄) . (69)
5.4 Some remarks on the asymptoti region
When t→∞, the MO equations driven by the T -matrix behaving as disussed in se. 4.3
an be shown to imply that tf+(t) goes to a onstant. We have onstrained this onstant,
via eq. (39), in order to orretly reprodue QCD in an average sense. Fig. 8 displays the
real part of the produt tf+(t) obtained from the numerial solution of the equations. The
gure also shows the asymptoti QCD expetation (analytially ontinued to the timelike
region). One sees that tf+(t) indeed goes to a onstant, but the asymptoti behaviour sets
in at fairly large values of t. A similar feature was observed in the ase of the pion vetor
form fator whih was disussed in ref. [37℄.
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Figure 8: Real part of the produt tf+(t) resulting from our solution of the MO equations
ompared with asymptoti QCD predition.
Another remark onerns the phase of f+(t) (let us denote it as φ+(t)). It is often
assumed that φ+(t) should go to π as t goes to innity (e.g. [38℄), while ompatibility with
asymptoti QCD simply implies that it should go to π modulo 2π. Let us reall that if the
phase of f+(t) goes to π at innity, f+ an be expressed in terms of its phase as a minimal
Omnès representation. In our onstrution, we nd that the behaviour of the phase at
innity depends on the value of a. This is illustrated in g. 9. For the entral value of a
6
We onverted the numerial values taking into aount that the expansion formula (66) is used in
ref. [9℄ with mpi = 138 MeV rather than mpi = 139.57 MeV.
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the phase atually goes to 3π at innity. When a gets slightly smaller, a transition ours
and the phase goes to π. Again here, the asymptoti behaviour is reahed for rather large
values of t.
0
pi
2pi
3pi
4pi
1 10√
t (GeV )
φ
+
(t
)
a = −7.0 10−3
a = −7.5 10−3
a = −9.0 10−3
Figure 9: Illustration of the hanging behaviour of the phase of f+(t) at large t when the
parameter a varies.
6 Conlusions
In this work, we have onsidered matrix elements between light states of the stangeness
hanging vetor urrent. Suh quantities are now beoming aessible to experiment, with
rather good preision in a rather large energy range from hadroni τ deays. There are
possible appliations to ertain three-body B deays as well. From a theoretial point
of view, one an establish relations between two-body form fators and the sattering
matrix not only at very low energy in the elasti sattering region (Watson's theorem)
but also at somewhat higher energies provided that inelasti sattering is dominated by
two-body hannels. This was shown to be the ase for πK sattering in the P -wave by the
LASS ollaboration[6, 7, 5℄ in the energy range E <∼ 2.5 GeV. Similar properties hold for
ππ sattering in the S-wave and also for πK sattering in the S-wave and were used to
onstrut salar form fators[3, 4℄. Those results, however, have not been ompared with
experimental data.
We have onstruted a three hannel T -matrix, whih satises unitarity, from ts to
the large amount of data on πK → πK sattering in the P -wave and satisfying the exper-
imental onstraints on inelasti sattering. In the region E ≥ 2.5 GeV, one must make a
plausible guess. We impose a smooth interpolation suh that the MO operator has index
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N = 4. The three form fators an then be determined by solving the system of MO
equations and applying four onstraints. We have used the three values at the origin,
whih we have argued to be determined, making use of hiral and avour symmetries, up
to one symmetry breaking parameter a. As a fourth onstraint, we used asymptoti QCD
behaviour for the form fator f+.
The result of this onstrution for the form fator f+(t) ompares reasonably well with
the reent determination by the Belle ollaboration. The agreement in the inelasti region
is not quite trivial to ahieve. Indeed, the K∗(1680) resonane appears as a very large
eet in πK → πK sattering while it is suppressed in the form fator. Varying the
parameter a outside of the range allowed from the integrated τ → Kπντ rate also destroys
the agreement in the energy distribution. The result in the domain
√
t ≥ 1.4 GeV is
also sensitive to how the T -matrix behaves above 2.5 GeV. In the region of the K∗(892)
resonane, there are some disrepanies. While these ould be due to isospin breaking
eets, they seem to onern the width rather than the mass of the K∗(892), whih is
unexpeted. Finally, we made preditions for the total rates and the energy distributions
for the vetor urrent ontribution to the τ deays τ → K∗πντ and τ → ρKντ .
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